We study the following generalized additive functional inequality af x bf y cf z ≤ f αx βy γz , associated with linear mappings in Banach spaces. Moreover, we prove the Hyers-Ulam-Rassias stability of the above generalized additive functional inequality, associated with linear mappings in Banach spaces.
Introduction and preliminaries
The stability problem of functional equations originated from a question of Ulam 1 concerning the stability of group homomorphisms. Hyers 2 gave a first affirmative partial answer to the question of Ulam for Banach spaces. Hyers' theorem was generalized by Aoki 3 for additive mappings and by Rassias 4 for linear mappings by considering an unbounded Cauchy difference. A generalization of the Rassias theorem was obtained by Gȃvruţa 5 by replacing the unbounded Cauchy difference by a general control function in the spirit of Rassias' approach.
Rassias 6 during the 27th International Symposium on Functional Equations asked the question whether such a theorem can also be proved for p ≥ 1. Gajda 7 following the same approach as in Rassias 4 gave an affirmative solution to this question for p > 1. It was shown by Gajda 7 as well as by Rassias andŠemrl 8 that one cannot prove Rassias' theorem when p 1. The counterexamples of Gajda 7 
Generalized additive functional inequalities
Consider a mapping f : X→Y satisfying the following functional inequality: af x bf y cf z ≤ f αx βy γz 2.1
for all x, y, z ∈ X. We investigate the generalized additive functional inequality in Banach spaces. We will use that for an additive mapping f, we have f m/n x m/n f x for any positive integers n, m and all x ∈ X and so f rx rf x for any rational number r and all x ∈ X. Thus, we get f − α/β x −f α/β x and so f −x −f x , bf x af β/α x , and
On the other hand, letting z − αx βy /γ − α/γ x β/α y in 2.1 , we get
The facts that
and bf y af β/α y give that
and so f x y f x f y for all x, y ∈ X, which implies that f is additive. b Since f is additive by a and since α/β and β/γ are rational numbers, the facts that
for all x ∈ X. Since f is nonzero, we conclude that a/α b/β c/γ. c Letting y z 0 in 2.1 , since α is a rational number, we get
for all x ∈ X. Since f is nonzero, we conclude that |a| ≤ |α|, as desired.
As an application of Theorem 2.1, if we consider a mapping f : X→Y satisfying
for all x, y, z ∈ X, then we conclude that f ≡ 0. Actually, for a mapping f : X→Y satisfying f 0 0 and af x bf y cf z ≤ f αx βy γz 2.9
for all x, y, z ∈ X, when α/β, β/γ are rational numbers, the above theorem says that f ≡ 0 unless a/α b/β c/γ. Here, we consider functional inequalities similar to 2.1 . for all x, y, z ∈ X, then by letting x y 0, we get cf z 0 for all z ∈ X and so f ≡ 0. And if f satisfies af x bf y ≤ f αx βy γz 2.11
for all x, y, z ∈ X, then by letting y 0, z −αx/γ, we get af x 0 for all x ∈ X and so f ≡ 0.
In order to generalize the inequality 2.1 , in the following corollaries, we assume that a k 's and α k 's, k 1, 2, . . . , n n ≥ 3 are nonzero complex numbers. 
for all x k ∈ X. Then the following hold:
a f is additive;
Proof. a Let x k 0 in 2.12 except for three x k 's. Then by the same reasoning as in the proof of Theorem 2.1, it is proved and so we omit the details. b Letting x i x, x j y, by the same reasoning as in the corresponding part of the proof of Theorem 2.1, we can prove it.
c Letting x k 0 for all k with k / i, 2.12 gives that
Since f is nonzero, we conclude that |a i | ≤ |α i |, as desired.
In the above corollary, similar to Remark 2.2, we notice that if a mapping f satisfies f 0 0 and
14 for some p, q ∈ {1, 2, . . . , n} with p / q and all x k ∈ X, then f ≡ 0. for all x, y, z ∈ X, then f ≡ 0.
Now we investigate linearity of a mapping f : X→Y . The following is a well-known and useful lemma. 
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Proof. a For a mapping f satisfying lim t∈R, t→0 f tx 0 for all x ∈ X, if we let x 0, then we get f 0 0. Since f satisfies 2.1 , from a in Theorem 2.1 and Lemma 2.6 we conclude that f is R-linear.
b Since f is R-linear by a and α/β, β/γ are real numbers, by the same reasoning as in the proof of Theorem 2.1 b , we can prove it.
Stability of generalized additive functional inequalities
In this section, we study the Hyers-Ulam-Rassias stability of generalized additive functional inequalities in Banach spaces.
First of all, we introduce α-additivity of a mapping and investigate its properties. Proof. Let f : X→Y be an α-additive mapping. Letting x y 0 in 3.1 , we get f 0 0. Letting x 0 in 3.1 , we get f αy αf y for all y ∈ X. Moreover, letting x 0 and replacing y by y/α in 3.1 , we get f y/α 1/α f y for all y ∈ X. Hence we obtain
for all x, y ∈ X and so f is additive.
On the other hand, we have
for all x, y ∈ X and so f is 1/α-additive. for all x, y ∈ X, which implies that f is αβ-additive.
In the following lemma, we give conditions for a mapping f : X→Y to be C-linear. Proof. Let f be an α-additive mapping satisfying lim t∈R, t→0 f tx 0 for all x ∈ X. Since f is additive, by Lemma 2.6, f is R-linear. When α is not real, if we let α a bi for some real numbers a, b b / 0 , then since f is additive and R-linear, we have a bi f x f a bi x f ax f bix af x bf ix 3.5
and so f ix if x for all x ∈ X, which implies that f is C-linear.
Now we are ready to investigate the Hyers-Ulam-Rassias stability of generalized additive functional inequality associated with a linear mapping. Here, we give a lemma for our main result. for all x ∈ X, then there exists a unique mapping L : X→Y satisfying L αx αL x and
Note that this lemma is a special case of the results of 24 .
Proof. Replacing x by α j x in 3.6 , we get f α j 1 x − αf α j x ≤ ψ α j x . Dividing by |α| j 1 in the above inequality, we get
for all x ∈ X. From the above inequality, we have
for all x ∈ X and all nonnegative integers q, n with q < n. Thus by 3.7 , the sequence {f α n x /α n } is Cauchy for all x ∈ X. Since Y is complete, the sequence {f α n x /α n } converges for all x ∈ X. So we can define a mapping L : X→Y by
for all x ∈ X. In order to prove that L satisfies 3.8 , if we put q 0 and let n→∞ in the above inequality, then we obtain
for all x ∈ X. for all x ∈ X, as desired. Now to prove the uniqueness of L, let L : X→Y be another mapping satisfying L αx αL x and 3.8 . Then we have
3.14 which goes to zero as n→∞ for all x ∈ X by 3.7 . Consequently, L is a unique desired mapping. In addition, when f is additive, L is also additive and so the fact of L αx αL x for all x ∈ X gives that L is α-additive.
According to Theorem 2.1, the inequality 2.1 can be reduced as the following additive functional inequality αf x βf y γf z ≤ f αx βy γz 3.15 for all x, y, z ∈ X.
In the following theorem, we prove the Hyers-Ulam-Rassias stability of the above additive functional inequality. for all x ∈ X. If, in addition, ξ is not a real number, then L is a C-linear mapping.
